Introduction
In the context of the resurgence program of asymptotically-free quantum field theories (see a review [1] and references cited therein), the interesting possibility has been suggested that the ambiguity in perturbation theory caused by the infrared (IR) renormalon [2, 3] -a class of Feynman diagrams whose amplitude grows factorially as a function of the order of perturbation theory-is cancelled by the instability associated with a semi-classical object called bion [4] [5] [6] [7] . This is analogous to the cancellation mechanism between the ambiguity in perturbation theory around the trivial vacuum caused by the proliferation of the number of Feynman diagrams and the instability associated with a pair of the instanton and antiinstanton [8, 9] . This possibility is very interesting because no one clearly knows what kind of non-perturbative effect cancels the IR renormalon ambiguity. For a fully semi-classical understanding of the physics of asymptotically-free quantum field theories along the resurgence program, it appears essential to introduce a certain high energy scale such as a compactification radius of spacetime (see, for instance, Ref. [10] ). Thus to reinforce the above picture on the IR renormalon, the understanding of the IR renormalon in a compactified space such as R D−1 × S 1 is a basic premise.
The above picture has been examined fairly well in the two-dimensional (2D) supersymmetric CP N −1 model [11] defined on R × S 1 with the Z N twisted boundary conditions [6, 7] . In particular, in Ref. [12] , one-loop quantum corrections around the bion configuration [13] [14] [15] [16] [17] [18] are explicitly computed and the associated ambiguities are explicitly obtained, where the integration of the one-loop effective action over quasi-corrective coordinates is carried out [19] following the Lefschetz thimble method [20] [21] [22] . In a recent paper [23] , on the other hand, the IR renormalon ambiguity in the gluon condensate was determined in the leading order of the large N approximation [24] . A very explicit calculation shows that a Borel singularity at u = 2 (see below for this notion), which corresponds to the IR renormalon in R 2 , disappears for R × S 1 . Instead of this, in the system on R × S 1 , an unfamiliar renormalon singularity at u = 3/2 emerges. This is an unexpected result because the IR renormalon singularity to be cancelled by the semi-classical bion has been considered as the u = 2 one. The observation in Ref. [23] thus raises a question in the above semi-classical picture on the IR renormalon.
As indicated in Ref. [23] and further discussed in Ref. [25] , the disappearance of the u = 2 singularity and the emergence of the u = 3/2 singularity can be interpreted as a"shift" of the renormalon singularity under the compactification R D → R D−1 × S 1 . Moreover, it can be seen that this is a very general phenomena; it generally occurs provided that the integrand of the momentum integral in the "renormalon diagram" for R D−1 × S 1 is identical to that for R D . The 2D supersymmetric CP N −1 model in the large N limit is regarded as an example with this property. See also Ref. [26] for this "volume independence" property.
With the above observations, it is natural to repeat a similar analysis in 4D gauge theories; this is the motivation of the present paper. We will study the IR renormalon ambiguity in the gluon condensate in the SU (N ) gauge theory with n W -flavor adjoint fermions (QCD(adj.)) on R 3 × S 1 with the Z N twisted boundary conditions. This and related systems have been vigorously studied aiming at a fully semi-classical understanding of the low-energy dynamics of 4D gauge theories [10, . Unlike the 2D CP N −1 model considered in Ref. [23] , this system is much difficult and does not allow a systematic treatment to study the renormalon.
So in this paper, we rely on the so-called large-β 0 approximation, a somewhat ad hoc but widely adopted prescription in studies of the renormalon in 4D gauge theories [2, [47] [48] [49] . In the large-β 0 approximation, only Feynman diagrams that dominate in the large n W limit are kept while the coefficient of the vacuum polarization is set by hand to the one-loop coefficient of the beta function (of the 't Hooft coupling, see below),
Despite the fact that the large-β 0 approximation is not a systematic approach, this method is considered to be reliable qualitatively in gauge theories on R 4 because the renormalon ambiguity obtained in this approximation often has the same order of magnitude as the nonperturbative effect appearing in the context of the operator product expansion.
In this large-β 0 approximation, we compute the one-loop effective action to the quadratic order in the gauge field in a closed form for general N (Eq. (2.32)). The resulting expression is still rather complicated for explicit analyses. Therefore, we further take an N → ∞ limit 1 while the 't Hooft coupling λ = g 2 N , where g denotes the conventional gauge coupling, and the one-loop dynamical scale, 2) are kept fixed (here µ is the renormalization scale). The S 1 radius R is also kept fixed in this limit, ΛR = const. as N → ∞.
Then, we can show that terms peculiar to the compactified space R 3 × S 1 are suppressed and the effective action reduces to, except the point that the momentum along S 1 is discrete, that for R 4 . Thus the prerequisite for the above "shift" of the Borel singularity is satisfied, and it indeed happens. In this paper, we adopt the following definitions in studying a factorially divergent series. For the perturbative series of a quantity f (λ) in the form, 4) we define the Borel transform by
Then the Borel sum is defined by 2
If the perturbative coefficient f k in Eq. (1.4) grows factorially f k ∼ b −k k! as k → ∞, the Borel transform B(u) (1.5) develops a singularity at u = b. If this singularity is on the positive real 1 This is not the genuine large N limit because we are working within the large-β 0 approximation. 2 In the 2D supersymmetric CP N −1 model, we adopt the convention where the Borel integral is given by [23] , 6) such that the u = 2 renormalon singularity corresponds to twice the bion action also in the twodimensional spacetime.
u-axis (i.e., b > 0), the Borel integral (1.7) becomes ill-defined and produces the ambiguity proportional to ∼ e −16π 2 b/(β0λ) ∝ Λ 2b . In this convention, the IR renormalon in the large-β 0 approximation produces Borel singularities at positive integers u = 1, 2, . . . for R 4 . On the other hand, since the classical action of the bion is 16π 2 /λ (when the constituent monopoleinstanton and anti-monopole-instanton are infinitely separated), the instability associated with the bion configuration would produce singularities at u = nβ 0 with integers n. Although this as it stands does not coincide with the renormalon singularity, it is conjectured [4] that quantum corrections shift the bion contribution to u = 1, 2, . . . . As already noted, in our analysis of the the gluon condensate in QCD(adj.) on R 3 × S 1 , we find that the Borel singularity at u = 2 (which is the location of the IR renormalon for R 4 ) disappears; instead we find that an unfamiliar singularity at u = 3/2 emerges. The location of this new Borel singularity does not fit the above conjectural cancellation with the bion.
Reference [50] is a preceding study on the IR renormalon in the SU (N ) (with N = 2 and N = 3) QCD(adj.) under a completely identical setup as ours, i.e., the Z N twisted boundary conditions and the large-β 0 approximation. The authors of Ref. [50] claim that because of the cancellation between a part common to R 4 and a part peculiar to R 3 × S 1 , no IR renormalon can appear in the compactified space R 3 × S 1 . We do not agree with this claim because we find that those two parts have different N dependences. Our elementary but explicit calculation shows that the IR renormalon in the conventional sense can exists even on R 3 × S 1 , although the location of the Borel singularity is shifted as
This paper is organized as follows. In Sect. 2, we compute the one-loop effective action to the quadratic order of the gauge field. We first compute the contribution of the adjoint fermions. The twisted boundary conditions, or equivalently the presence of a constant gauge potential, give rise to some complication. Then, invoking the large-β 0 approximation, we obtain the one-loop effective action including the contribution of the gauge field. In Sect. 3, we consider the large N limit (1.3), where the one-loop effective action is drastically simplified. In Sect. 4, using the gauge field propagator obtained from the effective action, we compute the gluon condensate in the present system. It is then straightforward to find the Borel singularities in the gluon condensate and arrive at the above result. Section 5 is devoted to conclusion. In Appendix A, we summarize our convention on the SU (N ) generator, which is required for the computation in Sect. 2. In Appendix B, we give a proof of bounds, which are crucial for the above large N limit.
2. One-loop effective action in the large-β 0 approximation
Action and boundary conditions
We assume that the spacetime is R 3 × S 1 and the radius of S 1 is R. The coordinates of R 3 are (x 0 , x 1 , x 2 ) and that of S 1 is x 3 ; thus 0 ≤ x 3 < 2πR. The Euclidean action of the SU (N ) QCD(adj.) is given by
(2.1) (The fields with a tilde are subject to non-trivial boundary conditions, as shortly explained.) Here, we have used the matrix notation with whichÃ
where T a are Hermitian SU (N ) generators in the fundamental representation, assuming the normalization tr(T a T b ) = (1/2)δ ab . Our convention for the SU (N ) generators is summarized in Appendix A. The field strength is defined bỹ
and λ 0 is the bare 't Hooft coupling that is related to the bare gauge coupling g 0 by λ 0 = g 2 0 N . ψ(x) andψ(x) are n W -flavor Weyl fermions and the summation over the flavor index is suppressed for simplicity.
We assume that along S 1 the above tilded fields obey the following Z N -invariant twisted boundary conditions:ψ
where the SU (N ) element Ω is defined by
H denotes the SU (N ) Cartan generator and the vector φ is given by
from the fundamental weights µ j = j k=1 ν k (µ k are weights). See Appendix A. One can confirm that Ω is a diagonal matrix with the diagonal elements,
Since these diagonal elements are equally placed on the unit circle, the trace of Ω is invariant under the multiplication of the Z N center element, i.e.,
tr(e
This is the origin of the name of the boundary conditions in Eq. (2.3). Instead of the above field variables with the twisted boundary conditions, it is often convenient to use field variables which are periodic along S 1 . This can be accomplished by substitutingψ 8) where the variables in the right-hand side (without tilde) are periodic along S 1 . Note that under this substitution, the derivative acting on the original tilded variables is translated into the covariant derivative with respect to a constant gauge potential on the periodic field variables:
Action in terms of component fields
In what follows, we extensively use the field variables that are periodic in S 1 , field variables in the right-hand side of Eq. (2.8). We decompose these field variables in the Weyl-Cartan basis as
See Appendix A for our convention on the SU (N ) generators. Then, by using relations (A3), (A5), and
which follows from Eq. (A4), taking the shift (2.9) into account, the action (2.1) in terms of the periodic component fields is given by
To this gauge invariant action, we add the gauge fixing term,
where ξ 0 is the bare gauge fixing parameter and D
µ is the covariant derivative in Eq. (2.9). Then, from the quadratic part of the action S + S gf , we have free propagators of the periodic fields,
where
and
In these expressions, p 3 denotes the Kaluza-Klein (KK) momentum along S 1 and thus
One-loop effective action
We next compute the vacuum polarization arising from one-loop radiative corrections of the adjoint fermions. This amounts to the computation of the one-loop effective action of the gauge field to the quadratic order arising from the Gaussian integration of the adjoint fermions. Let us start with computing the part of the one-loop effective action that contains A ℓ µ (x)A r ν (y). From the interaction terms in Eq. (2.12) and the free propagator in Eq. (2.16), we have
To this, we apply the identity, 20) to make the sum over k 3 into the integrals dk 3 . After this, we can shift the momentum variable as k 3 → k 3 + (n − m)/(RN ). Then, the trace over Dirac indices yields
The summation over m and n in this expression can be carried out by using Eq. (A1) as
In Eq. (2.21), the term with j = 0 is ultraviolet (UV) divergent while the terms with j = 0 are Fourier transforms and UV finite. We apply dimensional regularization to the former by setting 4 → D ≡ 4 − 2ε. Then the result of the momentum integrations is 
We can repeat a similar calculation for the term of the effective action containing the combination A mn µ (x)A pq ν (y). After some calculation using (ν m − ν n ) 2 = 1 for any fixed m = n, we have
The explicit form of this expression depends on the assignment of the loop momentum because the original integral in the j = 0 term is UV divergent. The different form corresponds to different regularization and the difference can be removed by a local counterterm. In Eq. (2.27), we adopted a particular loop momentum assignment which leads to the simplest form. Note that inside the last parentheses in Eq. (2.27), the momentum p is replace by p mn , the variable defined by Eq. (2.15). A further calculation shows that no mixing term containing A ℓ µ (x)A mn ν (y) arises. Equation (2.27) thus gives the part of the effective action arising from one-loop radiative corrections of n W Weyl fermions to the quadratic order in the gauge potential. Now, in the large flavor limit n W → ∞, the contribution of the fermion loop dominates the vacuum polarization and Eq. (2.27) is the leading one-loop contribution even if radiative corrections of the gauge field are taken into account. In this large n W limit, from Eqs. (2.12), and the relation following from integration by parts such as
because of zK
(2.13), and (2.27), we see that the effective action to the one-loop order,
is made finite by the following parameter renormalizations (in the MS scheme),
where µ is the renormalization scale. Thus, λ denotes the renormalized coupling at µ, namely, λ = λ(µ).
In terms of these renormalized parameters, the effective action reads
Large-β 0 approximation
Now, we consider the large-β 0 approximation, which is a somewhat ad hoc way to include radiative corrections of the gauge field. First, one considers the large flavor (n W ) limit in which the combination g 2 n W ∝ λn W is kept fixed. The leading contributions in this limit are given by fermion one-loop diagrams, which are gauge invariant. On the other hand, radiative corrections of the gauge field are suppressed due to the smallness of the gauge coupling. Hence, Eq. (2.30) with O(A 3 ) and O(A 4 ) terms, which is the sum of the classical and effective action obtained by integrating out the fermions, is regarded as the leading contribution due to λn W = O(1). This large n W limit, however, breaks the asymptotic freedom and makes the contribution of the gauge field to the vacuum polarization sub-dominant. To remedy these points, the coefficient of the vacuum polarization is set by hand to the one-loop coefficient of the beta function of the 't Hooft coupling,
In this way, some part of radiative corrections owing to the gauge field is supposed to be included. 4 Under Eq. (2.31), the action given in Eq. (2.30) is changed to
This is the result of the large-β 0 approximation. Although we do not write down explicitly, it is easy to obtain the propagator of the gauge field from this expression. 5
4 It is worth noting that, in the large-β 0 approximation, the leading logarithmic part of perturbative series is correctly obtained.
5 For this, it is convenient to introduce the projection operators P 
where Roman letters i, j, . . . , run only over 0, 1, and 2. These satisfy
L µν p ν = 0 and, suppressing Lorentz indices,
In Eq. (2.32), the part containing the Bessel functions are peculiar to the compactified space R 3 × S 1 and the momentum dependences in these parts are very complicated; this feature prevents us an explicit computation of the Borel transform, for instance. Thus, in this section, we further take the large N limit (1.3), which drastically simplifies the expression.
In the large N limit (1.3), one can show that
for ν = 0 or 2. See Appendix B for the proof. Therefore, using these in Eq. (2.32), we see that the parts peculiar to the compactified space are suppressed in the large N limit and the action reduces to
This shows that the gauge field propagators on R 3 × S 1 with the present large N limit within the large-β 0 approximation are given by
3)
The tensor operators in Eq. (2.32) are expressed by these projection operators as where
The point is that these propagators in momentum space possess the form identical to those in the un-compactified R 4 . As discussed in Ref. [25] , this fact implies the presence of the IR renormalon but with the shift of the location of the corresponding singularity.
IR renormalon in the gluon condensate
In this section, we compute the gluon condensate under the above treatment, i.e., the large N limit within the large-β 0 approximation. We then obtain the corresponding Borel transform and study its singularities. The IR renormalon ambiguity of the gluon condensate in R 4 has been studied in Refs. [51] [52] [53] [54] [55] [56] .
In the large-β 0 approximation, the gluon condensate is computed as (see Fig. 1 ),
Now, recalling Eq. (3.4), the geometric series expansion of [1 − ω(p)] −1 with respect to λ gives the perturbative series of the form (1.4):
2)
The momentum integration in this expression produces the factorial growth of perturbative coefficients and Borel singularities. From this and Eq. (1.5), we have the corresponding Borel transform,
where we have used Eq. (2.20) and shifted the momentum variables as p 3 → p 3 + (m − n)/(RN ) for each m = n. In Eq. (4.3), the term with j = 0 is UV divergent. For this term, we thus introduce a UV cutoff q > 0 to the momentum integral, |p| ≤ q. Then, the momentum integration gives
This j = 0 part possesses a pole singularity at u = 2. This is the Borel singularity corresponding to the IR renormalon present in the theory on R 4 . On the other hand, the terms with j = 0 are Fourier transforms and UV convergent. The result of the momentum integration is
Then, by using
we have
We see that the Borel singularity of B(u) j =0 at u = 2 is precisely cancelled with that of B(u) j=0 ; the u = 2 renormalon does not exist on R 3 × S 1 . On the other hand, Eq. (4.7) shows that B(u) j =0 possesses a new pole singularity at u = 3/2 that is peculiar in the system on R 3 × S 1 . Since the pole singularity at u = 3/2 is on the positive real u-axis, through the Borel integral (1.7), it produces the ambiguity in the gluon condensate. We have the ambiguity in the renormalization-group invariant form by using the dynamical scale (1.2):
This is one of our main results. Since this is proportional to 1/R, it is clear that this renormalon ambiguity is peculiar to the compactified space R 3 × S 1 . Since the gluon condensate (4.1) as it stands is quartically UV diverging, the gluon condensate itself may not be regarded as a physical observable. We may take, however, as Ref. [57] the gluon condensate of the gauge field defined by the Yang-Mills gradient flow [58, 59] , which is perfectly UV finite. For this physical observable, as discussed in Ref. [23] , we have the renormalon singularity at u = 3/2.
Conclusion
In this paper, we have studied the IR renormalon ambiguity in the gluon condensate in the SU (N ) QCD(adj.) on R 3 × S 1 with the Z N twisted boundary conditions. In the large N limit within the the large-β 0 approximation, we showed that the Borel singularity at u = 2, which exists in the system on the un-compactified R 4 disappears and, instead of this, an unfamiliar renormalon singularity emerges at u = 3/2. In the perspective of the conjectured cancellation of the IR renormalon singularity by the instability associated with the bion configuration on R 3 × S 1 , it appears that our observation prompts reconsideration on the semi-classical bion picture of the IR renormalon.
A. SU (N ) generators
We follow the convention in Chap. 13 of Ref. [60] . The Cartan generators in the fundamental representation are taken as
whereas (N − 1)N raising and lowering generators are taken as (here m, n, . . . run from 1 to N )
In terms of these generators, the SU (N ) algebra reads
(ν m − ν n ) · H, when m = q and n = p,
E pn , when m = q and n = p,
E mq , when m = q and n = p, 0, otherwise,
where ν m denote the weights ((ν m ) i = (H i ) mm ; here, no sum is taken over m) and thus ν m − ν n are the roots. We note
The above generators are normalized such that tr(H m H n ) = 1 2 δ mn , tr(E mn E pq ) = 1 2 δ mq δ np , tr(H ℓ E mn ) = 0.
B. Proof of Eq. (3.1)
We start with
We first note that 
Next, as explained in Appendix B of Ref. [23] , one can show the bounds,
From these, using K 2 (z) = K 0 (z) + 2 z K 1 (z), we have
Now, using the above relations, we can proceed as, for instance, 
where we have used z = x(1 − x)p 2 2πR|j| (2.26). Noting that x/2 ≤ x(1 − x) ≤ 1/4 for 0 ≤ x ≤ 1/2, we have further bounds 
The second relation in Eq. (3.1) is already contained in Eqs. (B7) and (B9).
